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FINITE-DIMENSIONAL HALF-INTEGER WEIGHT MODULES 
OVER QUEER LIE SUPERALGEBRAS 

SHUN-JEN CHENGt AND JAE-HOON KWON^t 


Abstract. We give a new interpretation of representation theory of the finite¬ 
dimensional half-integer weight modules over the queer Lie superalgebra q(n). It is 
given in terms of Brundan’s work of finite-dimensional integer weight q(n)-modules 
by means of Lusztig’s canonical basis. Using this viewpoint we compute the char¬ 
acters of the finite-dimensional half-integer weight irreducible modules. For a large 
class of irreducible modules whose highest weights are of special types (i.e., totally 
connected or totally disconnected) we derive closed-form character formulas that are 
reminiscent of Kac-Wakimoto character formula for classical Lie superalgebras. 


1. Introduction 

The character problem for finite-dimensional irreducible modules over the basic clas¬ 
sical Lie superalgebras has now been settled (see, e.g., [Bril ICLWl ICLl IGerl IGSl IMarl 
ISerl ISvl[ ISZ1[ ISZ2[ Ivd.Tj ). For the queer Lie superalgebra q(n), the solution of this 
problem was first given by Penkov and Serganova [PSllIPS^ . Indeed, given dominant 
weights X, ^ for q(re), they provide an algorithm for computing the multiplicity of an 
irreducible q(n)-module L{^) with highest weight // in the cohomology groups of certain 
bundle on Il-symmetric projective space associated to A, and, as a consequence, they 
determine the coefficient ax^j, of the character of L{^) in the expansion of the character 
of the associated Euler characteristic E(X). 

A completely different approach to computing the transition matrix {ax^) between 
the characters of E{X) and L(/i) in the case when A,/r are integer dominant weights 
was given by Brundan [Br2] . Indeed, let Uq{boo) be the quantum group of type B 
with infinite rank, and let the nth exterior power of its natural representation "E 

(cf. |.IMOj ). It was shown that (axfj,) is given by the transpose of the transition matrix 
between the canonical basis and the natural monomial basis of at g = 1. This, 
together with an explicit combinatorial algorithm for computing the canonical basis 
elements, gives a solution of the irreducible character problem in the case of integer 
weight modules. In the equivalent dual picture the Grothendieck group of the category 
of finite-dimensional integer weight modules can be realized by a 17q(boo)-niodule 
which is dual to with respect to a bilinear form on relating the canonical 
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and dual canonical basis on the ambient space. In this dual picture E{X) is mapped 
to a standard basis element Ex, which in turn is dual to the standard monomial basis 
of and L(fi) is mapped to a dual canonical basis element Lx at q = 1. Further 
discussion and description for the inverse of (ax^) are given in |SZ3] 

In this paper we consider the finite-dimensional half-integer weight irreducible q(n)- 
modules and their characters. We show that they also can be explained nicely in 
terms of the Brundan’s results on integer weight modules. To be more precise, we take 
a quotient space of (f” by a subspace spanned by standard basis elements Ex, 

where A has at least one zero part considered as a generalized partition. Then we show 
that the transition matrix {ax^) for half-integer dominant weights A and /r is the same 
as the transition matrix {axt\^t\) between the two bases of given by and 

respectively (Theorem [63]), where is a natural bijection from the set of half¬ 
integer dominant weights to the set of integer dominant weights with no zero parts (see 
()2.2p l. Here, the notations and stand for the images of Ext\ and L^'n under the 
canonical projection from onto . We remark that also has a well-defined 
bar involution induced from that of d””, and {L^^} forms a unique bar-invariant basis 
of satisfying the properties of the dual canonical basis, although is certainly 
not a [/q(boo)-Hiodule. 

In particular, we have (up to some shift of weights) the same combinatorial formula 
for ax^ for half-integer dominant weights as in |Br2| . Furthermore, we obtain a nice 
closed-form formula for the inverse matrix of {ax^) and hence for the character formula 
for L{X) as well (Theorem l6.6p . which turns out to be essentially the same as the formula 
for general linear Lie superalgebras given in [Brlj . This is proved by establishing a 
correspondence from half-integer dominant weights for q(n) to integer dominant weights 
for for the general linear Lie superalgebra 01(^19) for some p, q with p-|-g = n preserving 
the Bruhat orders on each weight lattice. As an interesting application, we obtain Kac- 
Wakimoto type character formulas for L(A) when A is either a totally connected or a 
totally disconnected half-integer dominant weight (Theorem 17.ip . 

We conclude this introduction with the organization of the paper. In Section 2, we 
briefly recall some preliminary background and notations. In Section 3, we compare 
the Bruhat order in |PS2| with the ones in [Brl[ IBr2j . In Section 4, we present the 
Euler characteristic in a purely algebraic way using the dual Zuckerman functor and 
establish some of its basic properties. In Section 5, we prove our main observation 
on axfj, for half-integer dominant weights by analyzing the algorithm of Penkov and 
Serganova. In Section 6, we realize the Grothendieck group for the hnite-dimensional 
half-integer weight modules, and compute the irreducible characters. Finally, as an 
application, Kac-Wakimoto type character formulas |KW| are given in Section [7| for 
finite-dimensional irreducible half-integer modules whose highest weights are either 
totally connected or totally disconnected. Note that, just as in the case of classical Lie 
superalgebras, our formulas can then be regarded as generalizations of the Bernstein- 
Leites character formula m- 
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Notation. Let Z, N, and Z_|_ stand for the sets of all, positive, and non-negative 
integers, respectively. All vector spaces, algebras, etc., are over the complex field C. 


2. Preliminaries 

Fix a positive integer n > 1. Let C"'!”' be the complex superspace of dimension 
(n|n). Choose an ordered basis {rq-,..., Vn} for the even subspace and an ordered 
basis {ui,..., Vn} for the odd subspace so that the general linear Lie superalgebra 
0 [(n|n) may be realized as 2 n x 2n complex matrices indexed by /(n|n) :={!<...< 
n < 1 < ... < n }. The subspace 

A, B : n X n matrices 

forms a subalgebra of gl(n|n) called the queer Lie superalgebra. 

Let g stand for the Lie superalgebra q(n) from now on. We denote by Eat the 
elementary matrix in g[(n|n) with (a, 6)-entry 1 and other entries 0, for a,b & I{n\n). 
We have a linear basis { ejj, Cjj 11 < i,j < n} of g, where eij = Ejj + Eij and eq- = 
Ejj + E^j. Note that gg is spanned by { eq- 11 < i,j < n}, which is isomorphic to the 
general linear Lie algebra g[(n). 

Let f) = f)o © ffi be the standard Cartan subalgebra of g, which consists of matrices 
of the form m with A and B diagonal. Then {/li := e*, | 1 < i < n } and {/ij := 
eii\l < i < n} form linear bases of fig and f)j, respectively. Let {ej|l<i<n}be 
the basis of fig dual to {hi\l < i < n}. We define a symmetric bilinear form ( , ) 
on fig by = Sij, for 1 < i, j < n. Let b be the standard Borel subalgebra of g, 

which consists of matrices of the form (j2.1jl with A and B upper triangular. We have 
b = fi © n, where n is the nilradical spanned by { eq-, eq- 11 < i < j < n }. Also, denote 
by n_ the opposite nilradical so that g = b © n_. We denote by and <1>“ the sets 
of positive and negative roots with respect to fig, respectively, and denote by LI the 
set of simple roots of gg. We have = —‘k"'', 11 = { Sj — Sj+i |1 < i < n — 1}, and 
U where and stand for the sets of positive even and odd roots, 
respectively. Ignoring parity we have = {si — ej\l < i < j < n }. 

Furthermore, we denote by W, the Weyl group of g, which is the Weyl group of 
the reductive Lie algebra gg and hence acts naturally on fig by permutation. We also 
denote by i{w) the length of an element w G W. 


( 2 . 1 ) 


q(n) := 


A B 
B A 
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For a g-module V and ^ G f)g, let = { n G F | /i • n = ii{h)v for /i G } denote its 
/x-weight space. For a g-module V with weight space decomposition V = its 

character is defined by ohV := dim V^e^, where e is an indeterminate. 

Let A = X]r=i ^ ^0 given. We put ^(A) to be the number of i's with Aj 7 ^ 0. 
Consider a symmetric bilinear form on f)j given by (•, •)a = -^([t])! and let f}j be a 
maximal isotropic subspace associated to (•, ■)x. Put 1)' = f)o © 1}^ Let Cua be the one¬ 
dimensional [^'-module with h-v\ = \{h)v\ and h' -vx = 0, for h G (ig and h' G f}^ Then 
VFa := Ind|j,CuA is an irreducible f)-module of dimension ^ where [•] denotes the 

ceiling function. We put A(A) = Ind®bFA, where VFa is extended to a b-module in a 
trivial way, and define L(A) to be the unique irreducible quotient of A(A). Note that 
it is an f)g-semisimple highest weight g-module of highest weight A. The center of g 
was determined by Sergeev |Sv2j . We denote by xa the central character of L{X) (see, 
e.g., [CWl Section 2.3] for more details). We say that a positive root e* — Sj {i < j) is 
atypical to A if A* + Xj = 0. Recall that a weight A is said to be atypical if there is a 
positive root atypical to A, and typical otherwise |Pej . The degree of atypicality of X is 
the maximal number of positive even roots which are mutually orthogonal and atypical 
to A. 

For e = 0, let Ke+i '■= ^ ^g A = U Ai_,_g. We say that 

a g-module V is an integer weight module and half-integer weight module if it has a 
weight space decomposition V = for e = 0 and respectively. 

Let Oz and Oi_,_g denote the BGG categories of fio'Semisimple integer weight and 
half-integer weight g-modules, respectively. Let 0^^“^ be the category of finite-dimensional 
g-modules. Set 


0:=0zU0i^^, 0^“^ := 0,+z n 

for e = 0, For a module category C given above, we denote by K(G) the corresponding 
Grothendieck group spanned by [M] (M G C), where [M] stands for the equivalence 
class of the module M. 

Dehne 

AX|_z := < a = XiEi G Ag+z 
I i=i 

for e = 0, i, and put A+ = AA U A^ . We call a weight v in A+, A™ and At „ 

^ ^ 2^"'^ ^ 2“^'^ 

dominant, integer dominant, and half-integer dominant, respectively. According to [Pel 
Theorem 4] we have L(A) G if A G AX,_g (see also [GWl Theorem 

2.18]). We also let 


Xi > Aj+i, Xi = Aj+i implies A* = 0 for all i 


A^x ! — {A G X.Z I A^ 7 ^ 0 for all i } , •— A~^ n A; 
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and let a bijection —)• Agx be given by 

n ^ / 1 

(2.2) A = ^Aieii—A** := ^ [ Ai+ sgn(Ai)- 


i=l 


i=l 


Si, 


3. BrUHAT ORDERINGS 

Let A^ = {A = ^ A I Aj > Aj+i for all i} be the set of go’dominant 

weights. We have A+ C A^. Put A^_j_^ = A^ n for e = 0, and A^^ = A^ n A^x . 
For A,// € A^, we define the Bruhat ordering ^ as in [PS21 Lemma 2.1]: A /r if 
and only if there exists a sequence of elements // = ,..., P(fe) = A in A^ and roots 

Pi G <!>■'■ such that + A = P(i+i) with (z^(j),/3i) = 0 for 1 < i < A: — 1. 

Let us say that a subset A of a partially ordered set {S, >) is increasing if we have 
s G A for any a G A and s G S' with s > a. 

Lemma 3.1. The set A^^ is an increasing subset of (A^, 

Proof. Let A, G A^ such that A /i. We will show that if /r G A^^, then A G A^^. It 
is enough to consider the case X — fi = Si — Sj with i < j and {fi, e* — ej) = 0. In this 
case we have fii > 0 and fij = —/r* < 0. Thus A* = /ij + 1 > 0 and Xj = fij — 1 < 0. As 
Xs = Us, for all s 7 ^ i,j, the lemma follows. □ 

Lemma 3.2. For A,/r G A^ , we have X)^ g. if and only if X^ gp. 

2 +* 

Proof. Suppose that A > /x. Again it is enough to prove the case when X—fi = Si—£j and 
{g, Ei—Ej) = 0 for some 1 < i < j < n. We have Xi = gii + l > //* > 0 > /Xj > /Xj —1 = Xj 
with g.i + fij = 0. Then it is clear that X^ — gp = Ei — ej and hence X^ g,K 

Conversely, suppose that X"^ giK By Lemma 13.11 we have rj G for any rj G A^ 

such that A^ ^ ?7 ^ that is, rj = for some (unique) u G A^ . Then it is clear 

2 +'^ 

that X g.hy the same argument as in the above paragraph. □ 

In |Br2l Section 2.3] a partial ordering ^ on A^ was defined based on the root lattice 
of the Lie algebra of type boo (he., type B of infinite rank), which we shall recall below. 
We will show that this ordering on A^ is equivalent to in Proposition 13.31 below. So 
there will be no confusion to call both orderings Bruhat ordering in this paper. 

Let P be the free abelian group with orthonormal basis { 5,. | r G N } with respect to 
a bilinear form (•, •). We define a partial ordering on P by declaring u > ig for p, 77 G P, 
if p — r/ is a non-negative integral linear combination of the positive simple roots of type 
boo, that is, —(5i and 5r — 6r+i (r G N). 

For A = Ya=i ^ let 

wts(A) ;= ^ 6xi G P, wt(A) := wti(A) G P, 

s<i<n 
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for 1 < s < n, where by definition we have 5-r = —6r for r G N and (^o = 0. Then 
we define a partial order ^ on Aj, as follows: A ^ if and only if wt(A) = wt(/i) and 
wts(A) > wts(/i) for all 1 < s < n. 

Proposition 3.3. For ^ A|, we have XiJ, if and only if XF /j,. 


Proof. Let A = XlILi h = Suppose that X yi. If is enough to 

show the case when A — /r = e* — Sj with i < j and (/z, e* — £j) = 0. Let a = Xi. Then 


wts(A) — Wts(/i) 


'o, 

ha-l 

-h, 


if j < s < n, 

5a, if i < s < j and a > 1 , 
if i < s < j and a = 1 , 
if 1 < s < i, 


which implies that A ^ /z. 

Next, suppose that A ^ Choose a p such that Xi,pi > 0 for 1 < z < p, and 
Aj, /Zj < 0 for p + 1 < j < n. Let us identify A, /z with sequences 


(3.1) {ai,...,ap\bi,...,bq), {a'l,... ,ap\b'i,... ,b'q), 

respectively, where a* = Aj, a' = /z* for 1 < z < p, and bj = —Ap+j, = —pp+j for 
f < j < q '■= n — p. Let K{X,p) = A — A’ + B — B', where A = ^ 

B = Ej bj, and B' = Ej bb. 

We see first that A> A' hy [Br2t Lemma 2.15]. We claim next that bj > b'j for all j. 
It is clear that bq > b^ since wtg(A) > wtg(/z). Suppose that there exists a k such that 
bj > bj for A: < j < g but 0 < bk < b'j^. Let a = b^ and a' = 6 ),. Then we have 

(3.2) wtp+fc(A) - Wtp+fc(/z) = wtp+fc+l(A) - Wtp+fc+i(/_z) - {5a - 5a'), 

which contradicts the fact that wtp+fc(A) > wtp+k{p) since wtp+fc+i(A)—wtp+fc+i(/z) is 
a non-negative integral combination of <5,. — 5r-i-i for r > a'. This proves the claim. In 
particular, we have B > B', and hence K{X,p) > 0. 

Suppose that K{X,p) = 0, equivalently, A = A' and B = B'. Then we have bj = 6'- 
for all 1 < j < <7 since bj > 6'- for 1 < j < q. Suppose that Oj a( for some 1 < z < p. 
Suppose that there exists a k such that a* < a' for A: < z < n and au > a'^. Then 

(3.3) wtfc(A) - wtfc( 7 z) = wtfc+i(A) - wtfc+i( 7 z) - {5a' - 5a), 


where a = and a' = a'^. This yields the same contradiction as in (13.2p . So we must 
have a' > a, and hence a' = Oj for 1 < z < n since A = A'. 

Now, we use induction on K{X,p) and n to show that X p. If n = 1, then it 
is clear. Also, if K{X,p) = 0, then we have X = p hy the argument in the previous 
paragraph. So we assume that K{X,p) > 0 and n>2. 

If 5 = 0, then it is clear that X = p. If <7 > 1 and bq = 6 ^, then we may apply the 
induction hypothesis to the weights 


(ai,.. 


(Xp I 61, 1 ) ? ( ? • • • ; I ; ■ ■ ■ ; ^q —1 ) ’ 
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for q(re — 1) to conclude that A > /r. 

Suppose that q> 1 and bq > b'^. Then 6 ' ^ bq for all 1 < j < and hence a* = bq 
for some 1 < i < p. Put a = ai = bq. Consider 

T •- ) ■ ■ ■ ) 1 ) ■ ■ ■ ) \ bl, ■ ■ ■ , by 1 , . . . , ) , 


where u and v are such that ay = a > Qy+i and by+i < by = a. It is clear that A ^ 7 . 
On the other hand, we have 


wts(7) - wtsifi) 


wts(A) — wts(p), if n < s < n, 

wts(A) — wts(p) — 6a-i + 5a, if u < s < i; and a > 1, 

wts(A) — wts(p) + 5i, if u < s < i; and a = 1, 

wts(A) — wts(/i), if 1 < s < n. 


Assume that when u < s < v and a > 1, we have wts(A) — wts(p) = Cs^o(~5i) + 
^i<r<a -2 Cs,r(5r “ 5^-^) + Cs,a-i(5a-i “ 5a) for some Cs,r € Z+ (0 < r < o - 1). Since 
b'j <_ bq = a for all j, we have c^^a-i > q — v + 1, and so 

wt 5 (A) - wts(p) - 5a-l + 5a 

— *"S,o( 5i) + ^ ^ Cs,r(5r 5f+i) T (c^^a —1 l)(5a —1 5a), 

l<r<a-2 

which implies that 7 ^ /r. Similarly, when when u < s < v and a = 1, we have 
wts(A) — wts(/i) = c<j^o(~5i) for some Cg^o > 1, and hence wts(A) — wts(fi) + 5i = 
(cs,o — l)(“5i), which also implies 7 ^ p. Since we have 7 p by 

induction hypothesis. Therefore, A ^ p. The proof completes. □ 


Corollary 3.4. For X,fj,€ , we have X'^ fj. if and only if X^ ^ ytK 

2+A 

The Bruhat order ^ on A^ is also related with the Bruhat order on the integral 
weight lattice for the general linear Lie superalgebra in |Brl[ Section 2-b] as follows. 
For 0 < p < n and q = n — p, let be the set of integer-valued functions on 

J{p\q) = {—p <•••<—l<l<---<g}. We shall also identify an element / G 
with the sequence of integers 


/ = (/(-p), • • •, /(-I) I /(I), ■ ■ ■, Hq)), 

so that can be understood as the integral weight lattice for 0 l(p|g). Let P be the 
free abelian group with orthonormal basis { 7 ^ | r G Z } with respect to a bilinear form 
(•, •). We define a partial order on P by declaring ly > rj, for p, ry G P, if p — r/ is a 
non-negative integral linear combination of the positive simple roots of gloo, that is, 
7 ^ - 7^+1 (r G Z). For / G ZpI?, let 

wt^(/) := sgn(f)7/(i) ^ P, wt(/) := wt_p(/) G P, 

s<i<n 
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for s G J{p\q)- Then for /, 5 G we define / 5 if and only if wt(/) = wt{g) and 

wts(/) > wts( 5 ) foi' all s G J{p\q)- 
Now, let 

(3.4) (p) := I A = ^ XiEi G 

{ i=i 

We have A^^ = A^^ {p). For A G A^^ (p), define 

(3.5) := (-Ai,..., -Ap I A^+i,..., A„) G 

(cf. p.m ). Let Z>'^ be the set of / G Z^l'^ such that f{—p) < ••• < /(—I) and 

/(l)>--->/(g)/ 

Lemma 3.5. The map b is an injection and the image 0 /(p) under b is an increas¬ 
ing subset of (Z^'”^, ^a) for 0 <p <n. 

Proof. It follows directly from [Brl) Lemma 2.5]. □ 

Proposition 3.6. For A, /i G , we have XP p if and only if A*’ Pa ■ 

Proof. Suppose that XP p. By Lemma [3T] and Proposition l3.3[ there exists a sequence 
of elements p = 1 ^( 1 ),..., = A in A^x and roots /?* G such that + A = V{i+i) 

with (z/(j),/3j) = 0 for 1 < i < fc — 1. Then we have A,/r G A^^ (p) for some p, and 
= ^(i) “ d-ui — for some 1 < Ui < p and I < Vi < q, where ds G is given 
by ds{t) = dst for s, t G J{p\q). (This implies following the notation in [Brl) 

Section 2-b].) Thus we have A^ Pa pf by [Bill Lemma 2.5]. 

Conversely, suppose that A*' Pa pf. Again by [Bril Lemma 2.5] there exists a se¬ 
quence of elements pf = /(i),..., /(fc) = A'’ in Z^l'^ such that /(j+i) f f{i) for 1 < i < k—1. 
Since A^,//*' G Z||'^, we can find a sequence of elements p^ = ^(i),... = A*’ in Z^'^ 

such that P(i+i) = g[i) — d-ui — dy^ for some 1 < Ui < p and 1 < Vi < q. Moreover by 
Lemma 13.51 5 r(j) = for some G A^^ • This implies that z/(j) + Pi = with 

(^(i))/3i) = 0 for some Pi G ‘h’*'. Therefore, X P p. □ 

Corollary 3.7. For X,p€ A^ , we have X p if and only if A^ Pa p\ where 

2 

A^ = (A»)^ 



4. Dual Zuckerman functors 

Let b C p C 0 be parabolic subalgebras with Levi subalgebra t) C [ C g, respectively. 
Let TCC(g, [ 5 ) be the category of g-modules that are direct sums of hnite-dimensional 
simple [g-modules, and let TCC(g,gQ) be defined similarly. Let the dual Zucker¬ 

man functor from [KC(g, [g) to TCC(g,gg) as in [San] Section 4], which is a right exact 
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functor. For i > 0, we denote by its zth derived functor. For M € ?fC(g, [g), we let 

i>0 

be the Euler characteristic of M, which is a virtual g-module. 

By the same arguments as in [Sant Sections 4 and 5], we can check the following. 

Proposition 4.1. Let A G such that the irreducible [-module F(l, A) with highest 
weight A is finite dimensional so that M := IndpL([, A) G [KG(g, Ig). 

(1) The g-module £q ' (M) is the maximal finite-dimensional quotient of M. 

(2) The Q-module (M) is finite dimensional for all i > 0, and (M) = 0 for 

i > 0. 

(3) Let I be the annihilator of M in U{g). Then I annihilates every (M) for all 
i > 0. In particular, all the g-modules * (M) have the same central character. 

(4) The character of the Euler characteristic of M is given by 


ch£ 0 ’‘(M) = D-^ h 

wew V 


chL([, A) 


n«e<i-+(ii)(l + 

where ‘l>+([i) denotes the set of positive roots of li and 


D-o := n 


“/2 _ p-a 


/2), n (e“/2 + e-“/2), 


D:=^. 

D, 




aG#? 


For an exact sequence in lKC(g, [g) 

0 —> M 


E 


N 


we have the following identity of virtual modules: 

(4.1) £0’‘(£;) = £0'‘(M) + £0’‘(iV). 

Thus, Proposition 14.11 41 remains valid with T([, A) replaced by a hnite-dimensional 
[-module. 


Remark 4.2. Let bCpCqCgbe parabolic subalgebras with Levi subalgebras 
[} ^ [ ^ t C g, respectively. Let u®’‘ and u^’* be the nilradicals of p and q such that 
p = [-I-U0’* and q = 6 + u®’*, respectively. Let and denote the respective opposite 
nilradicals. Suppose that M G TCC([, [g) which we extend to a p-module by u®’^M = 0. 
Consider the q-module IndpM = [7(1 n C M. Since C C u®’‘, we have 

u®’®IndpM = 0. We conclude that IndpM is a 1-module that is trivially extended to a 
q-module. 

The following is the analogue of |PS2l Theorem 1] and [GSl Theorem 1] using the 
language of dual Zuckerman functor. 
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Lemma 4.3. Let bCpCqCg be parabolic subalgebras with Levi subalgebras t) C [ C 
^ ^ respectively. For M G !KC([, [g), we have 

(lnd®M) = £0’* (^Ind08*’‘ (ind^M)) , 

where M is regarded as a p-module by letting the nilradical act trivially. 


Proof. First we have from the transitivity of dual Zuckerman functors (cf. |KV[ Propo¬ 
sition 2.19]) that for M G 1KC([, Ig) 

(4.2) (lnd®0M) = (^Ind®o8‘o’‘5 (lnd^°M)) , 

where we regard M as an [g-module. Also from Mackey isomorphism (cf. |KVl Chapter 
II.5], we can deduce that for a finite-dimensional gg-module N 

(4.3) A^(8)805lo(M) ^ 805lo(iV(g)M), 

Let u!i^, and be the opposite nilradicals such that g = q © q = p © 
and 0 = p © u^*, respectively. Note that 

Resl-E^’\U) = 805’‘B(Res0gC/), 

(4 4) / \ 

Res0gInd0R - Ind®° (A((u0;‘)i) © Res‘_R) , 

for U G 346(0, Ig) and V G 1K6([, Ig). For simplicity, let us omit the notation of Res if 
there is no confusion. 

Now for M G 1K6([, Ig), we have as gg-modules 
£0’* (^Ind08*’‘ (ind^M)) 

^ 80o4o (^A((u^*)i) © 8*5 ’‘b (indll ® ^)))) <S3D 

= £0o4o ^Indq° ^£*0’‘o ^A((u^*)j) © Indp° ^A((u*i’)j) © by (14.3p 

^ £0o4o (^indSB (^£«oIo (ind^ © A((u*:‘)i) ® ^)))) 

^ £0o4o (^ind| (£*S’‘o (^Ind^o (^A((u0:‘)i) © m)))) 

= £0B’‘5 (^Ind^B (^A((u?:‘)i) © by dO} 

^ £0’‘ (ind^M) . 

The proof is complete. □ 


For A G A"*", we may understand A as a weight for 1 or t. We regard the irreducible (- 
module L(l, A) with highest weight A as an irreducible p-module by letting the nilradical 
act trivially. Similarly, we have the irreducible t-module L(t, A) which can be viewed 
as an irreducible q-module. For X, fi € A+, we let 


m, 


q>p 


(Kh) 


4‘(lnd0L([,A)) :L(I,/i) , 
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the multiplicity of the irreducible t-module L{i, in (lndpL([, A)). 
Let A € A+ be given. Put 


(4.5) [(A) — f) © ( 0 o© 0 -a)) p(^) — l(-^) + ^) 

aG<I>+(A) 

where 4>'''(A) = {ei — ej \ Aj = \j {i < j) } and 0 q, is the root space of 0 corresponding 
to a. Note that [(A) = f) for A € At . 

2 +A 

Let E{\) := ^Indp|.^jVLA^ and here W\ is regarded as an irreducible [(A)- 

module. We have by Proposition 14.11 141: 


(4.6) 


chL;(A) = ^ 

w£W 


'{w) 


w 


( 

\n^e4-+(A)(l + 


It is well-known that we have the following two bases in iL(O^tz)- 


{ [£(A)] I A £ }, {|L(A)]|A€A+_,^}. 


We thus have 


(4.7) |E(A)|= 

where ax^, = Z^)- 

Let 


(4.8) p(A) = po ^ Pi C ^ Pfc-i C pfc = 0 

be a sequence of parabolic subalgebras with respective sequence of Levi subalgebras 

[(A) = [o c b c ... c b_i c b = 0. 

We have 

Ind0 {,)Wa = Ind^t© • • IndP^IndgJW a. 

If we put = Ind^“_^, and for 

1 < s < A), z > 0, and /x, € A'*', then we have by Lemma 14.31 

Ei\) 

= £'^’° (indti-.-Ind^Ind^WA) 

= (^Ind^_i£^-i’^-2 (... £2,1 (Ind2£b0 (indJWA)) • • •)) 

= j • • • £24 j ind? (-l)4m|;°(A, A(i))L([i, A^)) 

\ \ ii>0, A(i) 
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/ 

/ ^ 

\ 

g/c,fc—1 

• • • £3.2 

Indi (-ir+*^m,';°(A,A«)m2’3(AW,A(2))L([2,A(2)) 



V 

il,i2>0 

\ A(1),A(2) / 

/ 


= A(2)) • • • aW)L(A(^)). 

il,...,ik>0 

A(i),...,aW 

Comparing with (I4.7p we get the following formula for oa/^: 

(4,9) »A4= E >,a(-)), 

s=l 

A(i),...,A('=-i) 

where A^^^ = A and A^^^ = )U. Note that for different /u’s, we can choose in principle 
different sequences of parabolic subalgebras. This way we obtain a method to compute 
the coefficients oa/^, if we can find a sequence of parabolic subalgebras as in (|4.8I) for 
which we can compute the multiplicity relevant v^r]. This is the 

essence of the algorithm in |PS2| . which we shall use in the next section. 


5. Penkov-Serganova algorithm 


Below is an analogue of the “typical lemma” 1 |CS[ Lemma 5]) for the queer Lie 
superalgebra. Although our proof below is algebraic in nature, it is inspired by loc. cit. 
We mention that this lemma already appeared in [PS2P Theorem 2]. 


Proposition 5.1. Let A = ^ given. Suppose that 1 is a Levi subalgebra 

that contains every positive root atypical to A. Then we have 


Tf‘(lnd0L([,A)) 


In particular, we have ch£ 8 >i(indpL(l, A)) 


(L(A), i/i = 0, 
\o, ifi>0. 

chL(A). 


Proof. First, we take a coweight hi = Y17=i ^ ^>0 satisfying 

fci-ci+i = 0, if ei - ej+i e $+([o), 

\ci-ci+i = l, if e* - ej+i 0 4>+([o), 

for 1 < i < n — 1. Then 4>(1) = { a € $ | (a, /i[) = 0 } and <h(p) = { a € 4> | (a, /i() > 0 }, 
where <h, 4>([), and 4>(p) denote the set of roots of g, I, and p, respectively. Denote by 
Wi the Weyl group of 1. 

Let pL G A+ and suppose that L{pi) occurs in T®’* (lndpL([, A)) for some i > 0. Now, 
observe that we have L([, A) = ?7([j nn_)[/([o nn_)lLA = U{ii nn_)Fl, where we recall 
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that n_ is the opposite nilradical of b, and E, as an [g-module, is a direct sum of copies 
of the irreducible Ig-module of highest weight A. Thus, by |Gerl Lemma 1.3.3], we have 

(5.1) // = '«; A-^a + Po -Po> 

V oeJ / 

for some w € W with i{w) = i and J C Since pg = Pi in the expression 
— + Pi 6very a € appears exactly once with coefficient | or — we have 

w (- Yla&J “ + Pi) “ Pi = “ Yla€K f®’-’ some K C and hence 

(5.2) // = u’(A) — a. 

aeK 

Note that A — w(\) = for some ka G Z_|_ since A is a gg-dominant weight. 

So we have 

(5.3) {p,hi) < {w{X),hi) < {X,hi). 

Suppose that the degree of atypicality of A is r, and let S\ be a set of mutually 
orthogonal r even positive roots atypical to A. Since Xij. = Xa by Proposition 14.11 3). 
we have by the linkage principle for g ( |Sv2j . see also [CWl Theorem 2.48]) 

v{n) = A + ^ Caa, 

a&Sx 

for some Ca and v G W. Since (u(/i), hi) < (//, hi) as in (j5.3p . we have 

(5.4) {^,hi) > {v{n),hi) = (A,/i() + ^ Ca{a,hi) = {X,hi). 

a(^Sx 

So we have {fJ,,hi) = {w{X),hi) = {X,hi) by (|5.3jl and (|5.4p . and K C $^(0- 

Since {w{X),hi) = (A,/i[) and (A,/3) > 0 for /3 0 4 >+([q), we conclude that w G Wi, 
and then J C $]^([). By construction of ^ (cf. [Gerl Lemma 1.3.3]), we see that 
A — Yl,a£j ^ ^ weight of L([, A) and Ig-dominant. Hence we have w = id, and in 

particular, (lndpL([, A)) = 0 for i > 0. Finally, since /i = A — Yla&j is a weight of 
L([, A) and L{pi) is a composition factor of IndpL(l, A) by Proposition 14.11 1). we have 
fj, = X. The proof completes. □ 

Let A G A+ and suppose that p is a parabolic subalgebra with Levi subalgebra 
[ = q(A:) that contains every positive root atypical to A. Recalling [(A) and p(A) from 
(|4.5I) . we conclude that [(A) C [ and p(A) C p. 

Suppose that 

£ 0 ,<(A) (lnd0(,)lFA) (K(A)^a) = ^/r). 
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Since n above, we observe that [ also contains all positive root atypical to A. We 
compute, using Lemma 14.31 and Proposition 15.11 

= £•-' (lndS£'-'t"' (indJj^lFA)) 

=£0’‘ (lnd0j;^a',^L([,/i)) 

We conclude that 

(5.5) ax^, = a'xf,. 

The following is a crucial observation in the rank reduction algorithm in |PS2l The¬ 
orem 3]. 

Lemma 5.2. Suppose that b C p C q C g are parabolic subalgebras with Levi subalgebras 
f) C [ C t C g respectively such that p fl 1 zs the maximal parabolic subalgebra of t 
corresponding to removing the left-most node in the Dynkin diagram o/lg- Then for 
A, /I G and i > 0, we have 

2+A 

= mf'’ (^A**,/i**^ . 

Proof. In light of (15.5p we only need to consider weights of the form that appear in 
|PS2| Theorem 3]. 

We apply the reduction algorithm |PS2l Theorem 3] to both p) and (A^, , 

and compare their values. Note that in either reduction algorithm the case |PS2l (1.11)] 
cannot occur. Applying |PS2t Theorem 3] once to m^’'^(A,/i), we have 

(5.6) ml^{X,ij) = mC,'’f'(A',/i'), 

for some p' and q' with ranks smaller than those of p and q, respectively, and some 
i! > 0. Moreover, applying |PS2[ Theorem 3] to (A^,/z^) gives 

(5.7) 

with the same p', q', and f as in (15.61) . Now, we apply the reduction algorithm as far as 
possible so that {X', fj.') corresponds to either [PS21 Theorem 3(a)(1.8)] or |PS2l 

Theorem 4(c)], which is equivalent to the case when ((-^0**) ih'Y) corresponds to 
|PS2[ Theorem 3(a)(1.8)] or |PS2l Theorem 4(b)(1.16)] with no zeroes in (A')** and (/«')•*, 
respectively. In this case, we can also see that 

(5.8) mJ’P'(A',/z') = mJ’P'((A')**,(/z')'‘) S {0,1}. 

Therefore, it follows from (|5.6p - (|5.8l) that m^’'^(A,/z) = mf'‘‘{X‘^,p.^). □ 

Theorem 5.3. For X, fi € A}" , we have 

■9 


O-X/I — O'Alt/.ilt ■ 
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Proof. We fix the sequence of parabolic subalgebras of g of the form (14.8p such that, 
for each s, ps_i D b is the maximal parabolic subalgebra of b corresponding to the 
removal of the left-most node of the Dynkin diagram of (b)o- Now we apply Lemma 
lOlto (gJD. □ 


6. BrUNDAN-KAZHDAN-LUSZTIG THEORY 

Let us first briefly recall the results in [Br2] . Let q be an indeterminate. Let ^ = 
Uq{boo) be the quantum group associated to the Lie algebra of type boo and let Y be 
its natural representation with basis {va\a G Z }. Fix n > 1. The space JT” := 
is naturally a "^-module with standard monomial basis { Nx := ® ® v\^ \ A = 

Z]r=i ^ }■ ^ ^ := {q + Q~^y^^^Nx, where z{X) = n- £(A). We 

can define a topological completion compatible with the Bruhat ordering, on which 
one has a bar involution —. There exist unique bar-invariant topological bases called 
the canonical and dual canonical basis, denoted by { Ta | A G } and { La | A G }, 
respectively [Br2[ Theorem 2.22]. We have 

7a = L\ = '^£^,x{q)M^, 

n u 

for some polynomials tfj_x{q) G ^[< 7 ] and £^\{q) G such that t^x{q) = = 0, 

unless X'^ fi and txx{q) = £xx{q) = 1 - 
Let 

n 

I\r 

be the ( 7 -deformed nth exterior power of Y of type boo as in [Br2t Section 3], which is 
a '2^-module. This exterior module was first constructed in |JMO| . The space has 
a basis { La := vx^ A • • • A vx^ \ X G Aj }, and it admits a topological completion 
The bar involution on induces a bar involution on and there exists a unique 
bar-invariant topological basis {f/A I € Aj } called the canonical basis |Br 2 [ Theorem 
3.5], where we have 

Ux= 

for some u^x G '^[q] such that Uf^xig) 7^ 0 unless /i ^ A and uxx{q) = 1- If t : cT"’ —>■ 
is the canonical projection map, then we have TT(T.^j,gx) = Uxii X ^ Ag, and 0 otherwise, 
where wq is the longest element in W. 

For A G Ag we define 

Yx ■ ^ ^ '^—woXj—woni^ 

/i€Ag , X^fj, 


( 6 . 1 ) 
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and let 

:= ^ Q{q)Ex C 
AeAj 

One can show [Br21 Theorem 3.16] that { La | A G Aj } is the unique bar-invariant basis 
of (f", and Lx = E^gA+ for A G Aj. Put 

E nQ,Q-^]Lx= Y. 

(6.2) AeA+ AGA+ 

S‘£ := Z (8)z[g,q-l] '^Z[g,q-1]’ 

where Z is the right Z[g, g“^]-module with q acting on Z as 1. Let L^a(1) = 1 <8 ) Ex and 
La(1) = 1 (8) La G for A G Aj. The following is the main result in |Br2j : 


Theorem 6.1 (Theorem 4.52 in |Br2] l. Let T : K{(D'^^) —>• be the "L-linear isomor¬ 

phism defined by 

[l;(a)] ^ l;a(i) (a g a+) . 

Then T ([L(A)]) = La(1), for all A G Aj. 


Now we consider K ( 


. Let 

^n,x_ j 

where is the subspace of spanned by { LIa | A G A^ \ Aj^ }. 

Lemma 6.2. The space is bar-invariant. Hence the bar involution on induces 
a bar involution on . 

Proof. By (|6.1I) . we see that the space is spanned by { La | A G Aj \ Aj^ }; which 
proves the claim. □ 

For A G A^x) put 

EA:=7r(L;A), La := 7r(LA), 
where vr : —>■ is the canonical projection. 

Proposition 6.3. The sef { La I A G Aj^ } is the unique basis of such that La = 
La and La G Ea -f Ea^m.a^m ^ G A+x • 


Proof. By Lemma 16.21 and the bar-invariance of Lx, we immediately have L;^ = 
and La G Ea -|- )^^^q~^'Z[q~^]E^. The uniqueness follows from |Lu[ Lemma 

24.2.1]. " ’ □ 

Define <^x[qq-^] ™ 116.21) . and put Ea(1) = 1(8)Ea, La(1) = 1(8La G 

for A G Agx • We can now translate Theorem 15.31 into Brundan’s Fock space language 
for the Kazhdan-Lusztig theory of q(n) |Br2j . 
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Theorem 6.4. Let 'll : K ) — >■ he the 'L-linear isomorphism defined by 

('« fi+i) ■ 

By (gZl), we have E;^it(l) = E/,«A/xL^if 
On the other hand, by (| 6 . 1 I) and Theorem EH we have E;^it(l) = «Att/.ttL^it(l). 

Finally by Theorem 15.31 we get 

Since there are only finitely many /r’s such that A we conclude by Corollary 13.41 
and induction that L^tt(l) = for all p, € This completes the proof. □ 

Remark 6.5. Theorems 15.31 and 16.41 suggest a connection between the categories Oi^“ 

2+A 

and 


[E(A)]^E,,(1) 
Then 'it ([T(A)]) = L;^ii(l), for all A G ^t+r 
Proof For A G let = 'Ii([T(A)]). 


For A G A, we denote by A+ the unique weight in A+ which is bF-conjugate to A. 
Let A = G A be given. For 1 < i < j < n with Aj + Xj = 0, define 


R'ij(A) A + a{£i — £j), 

where a is the smallest positive integer such that X + a{£i — £j) and all Rk,i{X) + a{£i — ej) 
for l<k<i<j<l<n with A^ + A/ = 0 are bF-conjugate to weights in A"''. 

Let A G Ajx with the degree of atypicality r. Let 1 < ii < ... < v < jr < • • • < ji < 
n such that A,^ + Aj^ = 0 for 1 < s < r. Note that Aq > • • • > Aj^ > 0 > Aj^ > • • • > Aj^. 
Following [Bril Section 3-f] we define 


(6.3) 


Re{X) 

R'eiX) 


. o . o 

H,n *2j2 


oR 


R^’' . o R®’’”^ . o 


9r 

ij. ,jj. 


oR' 


01 

'h,ii 


for e = ( 01 ,..., 0^) G Z!;. We put |0| = J2i=i for 0 = (0i,..., 0,.) G Z^. 


Theorem 6.6. For A G with the degree of atypicality r, we have 

(1) [E(A)] = X)y[L(/i)], where the sum is over all p, G At such that A = Re{h) 
for some unique 0 G {0,1}'', 

(2) [L(A)] = 0 (—1)^^^ [E(/i)], where the sum is over all p, G At and 6 G Tfi_ 

such that A = R'gifJ-)- 

Proof. (1) By |Br2[ Theorem 3.36], we have for a,/3 G Aj^ 

f 1, if a = Re(/3) for some 0 G {0,1}'’, 

(6.4) aafs = < 

10 , otherwise. 
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where r is the degree of atypicality of a. Note that is non-zero only if a ^ /3 and 

a, /3 € Ajx (p) for some p. It is easy to see that A = Reip) if and only if A** = for 

X, p £ . Hence the formula follows from Theorem 16.41 

2 

(2) For a, /3 £ Aj^; let 
(6.5) = 

e 


where the sum is over all 9 £ Zlj_ such that a = R 0 (/ 3 ), and r is the degree of atypicality 
of a and (5. Note that hap is non-zero only if a, ^0 € Aj^ (p) for some p. 

Recall that for f,g £ one can define ajg and bfg as in (16.4p and (16.5p . where 
and R'gig) are given in |Brll Section 3-f]. Since Xgi( 7 *’) = XgiPy)'’ for 7 £ Aj^ (p) 
and 9 £ Z!j_ where X = R or R', we have by Lemma 13.51 a = Xe(/3) in A^^ if and only if 
= X0(/3*') in Z^”^ for a, 13 £ Aj^ (p)- This implies that 

( 6 . 6 ) ® q !/3 ^ap ^a^P^‘ 

By Proposition 13.61 we also have R(i(/3) ^ f3 since Re(/0)^ = ^g{(3^) 0^ for any 9 £ Zlj_ 

[BFTl Lemma 2.5]. Hence, bap is non-zero only if a ^ /3. 

For v,p £ is dehned in the same way as in (16.5F It is clear that b^g = b^tgt 

since u = Rgip) if and only if = Rq{p0. Now, for X,p £ At 

2 

axubufj. = axiyib^ig^i by Theorem [O] 

(6.7) _ 

= 2^ axtuiKifit by ([Ml) and ([63]), 

where u £ At „. The sum in (16. 7p is non-zero only when X^,p^ £ At^{p) for some p, 
2 

and the sum is over £ A^^ (p) with y ^ pK In this case, we have 


E 






.B = 




E 


ax^ 




by (| 6 . 6 p and Proposition 13.61 


( 6 . 8 ) = yy O'X^h^hfi^ by Lemma [33] 

= by lEFIl Corollary 3.36], 

where £ At „ and h £ By (16.7p and (16.Sp . we have '^j^axubu^i = ^x^l■ We 

conclude that [L(i/)] = 'b'he proof completes. □ 


Remark 6.7. Let A £ At „ and let 0denote the subcategory of of modules 
of central character x;,. Let p and q be determined by A as before (see, e.g., (|3.4p l and let 
^pI^xa benote the subcategory of hnite-dimensional 0 [(pjg)-modules of 0 l(pjg)-central 
character xa; where A here is regarded as a p-shifted weight of 0 l(plq'). Theorem 16.61 
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together with IBrli Corollary 3.36], seems to indicate a connection between 

o+A. 



7. KAC-WAKIMOTO TYPE CHARACTER FORMULAS 

In this section, we derive a closed-form character formula for special classes of finite¬ 
dimensional irreducible modules, which are similar to Kac-Wakimoto formula for clas¬ 
sical Lie superalgebras |KW| (see also [CK] ICHRl IGK] ISZ1| ). The results in this section 
are motivated by |SZ1| . 

Let A = ^ y with the degree of atypicality r > 0. Let 1 < ii < ... < 

ir < jr <■■■< ji ^ n he unique indices such that -|- Aj^ = 0 for 1 < s < r. We 
put 5 'a = {/3s := ejj — Sj,, 11 < s < r } C the set of positive roots atypical to A, 
and define A^^ to be the weight obtained from A by replacing Aj^ with Aq and replacing 
Aj^ with Aj^ for 2 < s < n. Let £ ^i-i-z such that Sfj, = Su = Sx- li ^ u with 
^ = V + for some Cg £ then we put \^ — v\ = Cg- 

Following |SZ1| . we say that 

(1) A is totally connected if for each 1 < s < r — 1 and Ai^ > t > there exists 

1 < i < n such that |Aj| = t, 

( 2 ) A is totally disconnected if for each 1 < s < r — 1, there exists A^ > t 
such that |Aj| 7 ^ t for any 1 <i <n. 

Then we have the following Kac-Wakimoto type character formulas for totally con¬ 
nected and disconnected weights. 

Theorem 7.1. Let A G with the degree of atypicality r. 


(1) If A is totally connected, then we have 



(2) If A is totally disconnected, then we have 



Proof. (1) Let A = X]r=i ^ ^ totally connected weight. Let 1 < < 

... < ir < jr < • • • < ji < n he such that Aj^ -|- Aj^ = 0 for 1 < s < r, and 
Sx = {/dg = -Ejjl < s <r }. 


Let KW(A) denote the right-hand side of the equation in (1). For fa £ put 

cr{iJ,) = (e^), which is equal to chE{fj.) by (|4.6I) when pL £ 
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A+ Let 


X = A^-^Z+/3„ 


S = 1 


1 


Cs < — — for all 1 < s < r 


A^-GX 
I S =1 
X2 = x\a:i. 

Then we have 

(7.1) KW(A) = KWi(A) + KW2(A), 

where for i = 1 , 2 


K«i(A) = 


r! 


E(-h 




Suppose that A** G (p) for some p. Put q = n — p. Then we may identify A with 
a dominant integral weight A^ G for 0 l(p| 5 ) with respect to the standard Borel 
subalgebra (cf. |Brl[ ISZlj l. Note that 


(7.2) 


KWi(A) = ^ kxf,(T{p), 

^l&A+ 




for some G Q, and G (p) for p such that 7 ^ 0. 

Now, we use the Kac-Wakimoto type character formula for the irreducible 0 [(p|(?)- 
module with highest weight A^ [SZH Corollary 4.13]. Indeed, we can check without 
difficulty that the coefficient kx/_i in ()7.2p coincides with the coefficient of the character 
of Kac module with highest weight in the Kac-Wakimoto type formula associated 
to A^ ( see the right-hand side of (4.46) in |SZlj ). Therefore, by [Brl] Corollary 3.39(ii) 
and (4.40)1 and Theorem 16.61 21. we conclude that 


(7.3) 


chL(A) = KWi(A). 


Next, for p = Y17=i ^ ^ 2 , define to be the weight obtained from p by 

replacing all the negative (resp. positive) p* for 1 < i < p (resp. p < i < n) with — | 


(resp. 2 )- Put 


and 


Ar 2 = {v\v = p^ for some p G X 2 }, 
lu = {/3\/3 = Ei - Ej G Sx, Vi = -Vj = -1/2 } , 
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for V G Then we have 

(_l)|At-A| 


KW 2 (A) = 


T\ 


(_1)|A^-A| 


r! 


^J.eX2 

1^6X2 {kp)l 3 £I^&'Z^ \ 0 &lv 


For each v = Yll=i G X 2 , we have 
(7.4) 


E ^ fc^/3 =2^-/2!D-i ^(-1 

ik,3)i3ei^€^l \ /36/^ / «;eiy 

If we put Xi = for 1 < i < n, then 




W 


(7.5) 


0^1 




^ fi. 

‘^n 


n/3e/„(l + e n/3=£,-e,e/.(l + ®* 


n 


0=ei-ej&I, 


Xxi + Xj)' 


lP — t-i — tj'^lu ' 

where v' = = v + Y0=ei-ej&i^ = ^'j = (3 = £i - £j e lu, 

the product form in (17.51) is invariant under the transposition {i,j) G W, which in 
particular implies that the alternating sum ()7.4j) is zero, and accordingly 


(7.6) KW2(A) = 0. 

Therefore, the formula follows from (I7.ip . (j7.3p . and ()7.6I) . 

(2) The proof is almost the same as in (1), where we replace A^ with A, and apply 
[SZll Corollary 4.15]. We leave the details to the reader. □ 
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